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Abstract
The role of a bulk graviton in predicting the signature of extra dimensions through
collider-based experiments is explored in the context of a multiply warped spacetime.
In particular it is shown that in a doubly warped braneworld model, the presence of
the sixth dimension, results in enhanced concentration of graviton Kaluza Klein (KK)
modes compared to that obtained in the usual 5-dimensional Randall-Sundrum model.
Also, the couplings of these massive graviton KK modes with the matter fields on
the visible brane turn out to be appreciably larger than that in the corresponding 5-
dimensional model. The significance of these results are discussed in the context of
KK graviton search at the Large Hadron Collider (LHC).
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1 Introduction
The possibility that spacetime may have more than four dimension is often seriously con-
sidered in high energy physics. Such scenarios are also strongly supported by string theory.
Several new ideas in this direction have evolved to explore various implications of extra spa-
tial dimensions in the context of particle physics and cosmology. In fact, according to some
recent proposals the observed weakness of gravity may be due to the fact that we live on a
3-brane embedded in space with large extra dimension. One of the most prominent theo-
ries developed in the context of braneworld models is due to Randall and Sundrum (RS)[1].
The proposal was originally aimed at bridging the large hierarchy between the electroweak
(mW ∼ 102GeV ) and the Planck (MP ∼ 1018GeV ) scales through the existence of an extra
spatial dimension with warped geometry. The Randall-Sundrum model assumes AdS5 space-
time with the extra spatial dimension orbifolded as S1/Z2 bounded by two 4D Minkowski
branes called IR(TeV) and UV (Planck) branes. The essential input of this theory is that
gravity propagates in the bulk spacetime, while the standard model (SM) fields lie on a
brane. The curvature in 5D induces a warped geometry on the brane which redshifts the
scale of order MP at UV brane to the scale of order mW at IR brane. A lot of work exploring
various aspects of this model has been carried out in the last few years. This includes its role
in resolving the hierarchy problem[1, 2], localization of various types of fields on the brane[3],
particle phenomenology in context of braneworld [2], various cosmological consequences[4]
and so on. A scheme to achieve stability issue of this model was proposed by Goldberger and
Wise (GW)[5] and the effects of other bulk fields like gauge field or higher form fields been
studied in several works [6, 7, 8, 9, 10, 11, 12]. Though a firm foundation for these models
still remain an open issue,it has been widely recognised that one of the key signature for
extra dimension can be obtained from collider physics by observing various KK resonances.
As a natural extension to the RS scenario, models with more than one warped extra
dimensions have been proposed[13, 14]. Most of these models consider several independent
S1/Z2 orbifolded dimension along with M4. It is apparent from different considerations that
the radion stabilization problem [15, 16] and the presence of negative tension brane are
artifacts of 5D spacetime and are avoidable in a higher dimensional generalization.
In yet another interesting scenario[17], a warped compact dimension get further warped
by a series of successive warping leading to multiple warping of the spacetime with various
p-branes sitting at the different orbifold fixed points satisfying appropriate boundary con-
ditions. Various lower dimensional branes along with the standard model 3-brane exist at
the intersection edges of the higher dimensional branes. The resulting geometry of the D
dimensional spacetime is M1,D−1 → {[M1,3 × S1/Z2] × S1/Z2} × .... with D − 4 warped
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spacelike dimensions. It has been argued that this multiply warped spacetime gives rise to
interesting phenomenology and offers a possible explanation of small mass splitting among
the standard model fermions[17, 18]. One more interesting feature of this model is the bulk
coordinate dependence of the higher dimensional brane tensions unlike 5D RS model where
brane tensions are constant. In this work we want to explore for such multiply warped
spacetime, how gravity appears on the 3-brane where visible matter fields reside
As in 5D RS the essential input in this multiply warped scenario is that gravity propagates
in the bulk spacetime, while the standard model (SM) fields are assumed to lie on a 3-brane.
This type of description gets a strong support from string theory where the SM fields arise
as open string excitations whose ends are fixed on the brane while the graviton being a
closed string excitation can propagate in the bulk space-time[19]. In 5D RS the massless
graviton mode has a coupling ∼ 1/MP with all matter on the brane , while the massive KK
modes have enhanced coupling through the warp factor. Thus, the massless graviton mode
accounts for the presence of gravity in our universe, while the massive modes raise hopes for
possible new signals of extra warped dimension in accelerator experiments[9]. In this work
we investigate the implications of the KK tower of gravitons in multiply warped spacetime,
specifically a doubly warped spacetime. We intend to find the mass spectrum and their
interaction with matter on the visible brane.
The present article is organized as follows. In the next section, we briefly discuss the
multiply warped six-dimensional model. In the third section we focus on the graviton and
find out its equation of motion and the Kaluza Klein modes. In section 4, we consider the
interaction of different KK modes of graviton with matter on visible brane and find their
coupling strengths. We summarise and conclude in section 5.
2 Multiply warped brane world model in 6D
Our working model is a doubly warped compactified six-dimensional spacetime with a Z2
orbifolding in each of the extra dimensions. The manifold under consideration is M1,5 →
[M1,3 × S1/Z2]× S1/Z2. The metric representing such a spacetime is given by
ds26 = b
2(z)[a2(y)ηµνdx
µdxν +Ry
2dy2] + rz
2dz2 (1)
We use Greek indices for the noncompactified directions while the orbifolded compact direc-
tions are represented by coordinates y and z. Ry and rz are the two moduli corresponding to
y and z directions and a(y) and b(z) are the corresponding warp factors. ηµν is the Minkowski
metric (−,+,+,+). Following the orbifold requirement, four 3-branes are located at four
orbifold fixed points given by y = (0, pi) and z = (0, pi).
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The total bulk-brane action for the six dimensional space time is,
S = S6 + S5 + S4
S6 =
∫
d4xdydz
√−g6(R6 − Λ)
S5 =
∫
d4xdydz[V1δ(y) + V2δ(y − pi)] (2)
+
∫
d4xdydz[V3δ(z) + V4δ(z − pi)]
S4 =
∫
d4xdydz
√−gvis[L − Vˆ ]
where Λ is the bulk cosmological constant which is necessarily negative. In general, the
brane tensions are V1,2 = V1,2(z) and V3,4 = V3,4(y). S4 represents the 3-branes located at
(y, z) = (0, 0), (0, pi), (pi, 0), (pi, pi). Einstein field equations for metric(1) in the above action
leads to the following solutions for the warp factors
a(y) = e−ρ|y| ρ =
Ryk
rz cosh kpi
(3)
b(z) =
cosh (kz)
cosh (kpi)
k = rz
√
−Λ
M4
It should be noted that the solutions are Z2 symmetric about the y and z directions. The
brane tensions are obtained by considering the boundary terms. The brane tensions at the
two boundaries y = 0 and y = pi are given by
V1(z) = −V2(z) = 8M2
√
−Λ
10
sech(kz) (4)
The two 4-branes sitting at y = 0 and y = pi have equal and opposite tensions but, unlike in
the 5D RS model, the tensions are z-dependent. Similarly, the boundary condition for the
infinitesimal interval across z = 0 and z = pi leads to
V3(y) = 0, V4(y) = −8M
4k
rz
tanh (kpi) (5)
In this case the brane tensions are constants similar to the original RS model. The fact that
gyy is a non-trivial function of z leads to the two hypersurfaces for the y orbifolding to have
z-dependent energy density. If there exists no other brane with an energy scale lower than
ours, we must identify the SM brane with the one at y = pi, z = 0.
In this model the solution of the hierarchy problem (i.e. the mass rescaling due to
warping) demands that unless there is a large hierarchy between the moduli rz and Ry ,
either of ρ and k must be small implying large warping in one direction and small in the
other. This particular feature of this model is revealed from the relation, ρ = Ryk
rzcoshkπ
, which
implies that for Ry ∼ rz a large hierarchy along y-direction (a situation very close in spirit
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with RS) and a relatively small k ∼ O(1) warping in the z direction. In summary, we are
dealing with a braneworld which is doubly warped, the warping is large along one direction
and small in the other. We would now address the nature of Kaluza Klein modes of graviton
in such a six dimensional braneworld.
3 The Graviton KK modes
3.1 Massive modes
To calculate the mass spectrum and couplings of the graviton KK modes in effective 4
dimensional theory on the 3-brane, we first parameterize the tensor fluctuations hαβ by taking
a linear expansion of the flat metric about its Minkowski value Gˆαβ = b
2(z)a2(y)[ηαβ+k
⋆hαβ ]
where k⋆ is the expansion parameter is O( 1
M2
).
With the gauge choice ∂αhαβ = h
α
α = 0 the 6D Einstein Hilbert action in the linearised
gravity limit appears as
S = 1
4
∫
d4x
∫
dy
∫
dz
√−g6[∂Mhαβ∂Mhαβ] (6)
In order to obtain the mass spectrum of the tensor fluctuations we expand the graviton field
hαβ in a KK tower
hαβ(x
µ, y, z) =
∑
n
∑
p
1√
Ryrz
hnpαβ(x
µ)ξn(y)χp(z) (7)
where the hnpαβ correspond to the KK modes of the graviton on the background of Minkowski
space on 3-brane. Upon compactification the effective 4D graviton action
S = 1
4
∫
d4x
∑
np
[ηµν∂µh
np
αβ∂νh
np
αβ +m
2
nph
np
αβ] (8)
is obtained provided ξ and χ satisfies the following normalization conditions
∫ π
−π
a2ξn1(y)ξn2(y)dy = δn1n2 (9)
∫ π
−π
b3χp1(z)χp2(z)dz = δp1p2 (10)
respectively with their respective eigenvalue equations
− 1
R2y
∂y(a
4∂yξn) + a
4m2pξn = m
2
npa
4ξn (11)
1
r2z
∂z(b
5∂zχp) + b
3m2pχp = 0 (12)
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As in usual Kaluza Klein compactification, the fluctuations in the bulk hαβ(x
µ, y, z) appear
to a four dimensional observer as an infinite tower of tensor modes hnpαβ with mass mnp. Point
to notice here is that the KK mass term carries two indices because of two compact warped
extra dimensions. This implies that the usual five dimensional massive tower further splits
into sub tower due to the additional warped dimension. These extra modes naturally will
have their contributions in the collider experiments and are expected to produce enhanced
signature for extra dimension.
The KK tower corresponding to the extra dimension z is given by mp whereas the full
four dimensional KK mass tower is represented by mnp. It may be noted that the mass tower
mp due to χp(z) enters in the equation for ξn(y) to determine mnp. So we have to determine
the mass tower mp first and then use it equation (11) to achieve the KK mass spectrum in
the visible 3-brane.
Considering the allowed domain for k we approximate the warp factor b(z) ∼ e−k(π−z) =
e−kz¯. Redefining z in terms of a new variable zp =
mp
k′
ekz¯ where k′ = k
rz
and χp(z) in
terms of a new function χ¯p, where χ¯p = e
− 5
2
kz¯χp(z), equation(12) takes the form of a Bessel
Differential equation of order 5/2
z2p
∂2χ¯p
∂z2p
+ zp
∂χ¯p
∂zp
+ (z2p −
25
4
)χp = 0 (13)
Evidently the solution for χp is then given by Bessel function of order
5
2
χp(z¯) =
e
5
2
kz¯
Np
[J5/2(
mp
k′
ekz¯) + αpY5/2(
mp
k′
ekz¯)] (14)
where J5/2 and Y5/2 are Bessel and Neumann functions of order 5/2, Np is normalization
constant and αp is an arbitrary constant. αp and mp are determined by the continuity
conditions of the first derivative of χp at the orbifold fixed points z = 0&pi, which are dictated
by the self adjointness condition of the left hand side of equation (12). The continuity
conditions implies αp << 1 and the spectrum for mp is to be obtained from the roots of
J3/2(xp) = 0, where xp =
mp
k′
ekπ (15)
The normalization condition (10) determine the normalization constant
Np =
√
2ekπ√
k′rz
Bp (16)
where B2p =
∫ 1
0 sJ
2
5/2(xps)ds with s = e
−kz. Once we find the z dependent part of the KK
modes, we solve for the y dependent part of the modes to arrive at the full spectrum of the
KK modes on the visible 3-brane. Adopting a similar technique, equation(11) can be recast
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in the form of a Bessel differential equation of order ν, where ν =
√
4 +
m2
p
k′2
. Hence, the
solution for ξn(y) can be expressed in terms of Bessel and Neumann function of order ν
ξn(y) =
e2c|y|
Nn
[Jν(
mnp
k′
eρ|y|) + αnpYν(
mnp
k′
eρ|y|)] (17)
Nn and αnp are the two constants. Once again the condition of self adjointness leads us to
the mass spectrum for mnp through the following transcendental equation
2Jν(xnp) + xnpJ
′
ν(xnp) = 0 where xnp =
mnp
k′
ecπ (18)
In the five dimensional case the mass spectrum of the graviton KK excitations are determined
from the roots of the first order Bessel function J1. However, in the six-dimension we have
several orders of the Bessel function representing the KK modes because the order ν can
take up different values for different values of mp. Therefore for each mass splitting due
to z-compactifiction we obtain a spectrum of KK modes. Hence, we obtain extra splitting
in the spectrum over the usual 5-dimensional scenario. In Table 1 we show explicitly the
masses of the KK modes for three different values of k.
mnp k= 0.1 k=0.05 k=0.3
p=0 p=1 p=2 p=3 p=0 p=1 p=2 p=3 p=0 p=1 p=2 p=3
n=1 m10 m11 m12 m13 m10 m11 m12 m13 m10 m11 m12 m13
2.001 3.24 4.56 5.94 1.93 3.43 4.97 6.49 2.83 3.47 4.36 5.33
n=2 m20 m21 m22 m23 m20 m21 m22 m23 m20 m21 m22 m23
3.68 5.01 6.46 7.91 3.55 5.61 6.81 8.44 5.18 5.87 6.83 7.88
n=3 m30 m31 m32 m33 m30 m31 m32 m33 m30 m31 m32 m33
5.34 6.71 8.23 9.74 5.45 6.81 8.54 10.23 7.51 8.22 9.22 10.31
Table 1: The KK mode masses mnp (in TeV) for different values of n and p, for k
′
/M = 1.
Once again, like the 5-dimensional case, the graviton KK mode masses are suppressed by
the warp factor. We find that the light KK modes have masses in the range of TeV. In this
case, however, a much larger number of KK modes of mass ∼TeV appear in comparison to
the 5-dimensional counterpart. Within a range of 10 TeV, there are only 6 modes in 5-D RS
model, whereas in the 6D doubly warped spacetime we have a lot (Table 1) more than that.
These modes are expected to produce additional contributions to various processes involving
KK modes of gravitons in the forthcoming collider experiments at TeV scale.
Like Np, Nn is also determined from the normalization condition for ξn(y) given by
equation(9) as
Nn =
√
2 cosh(kpi) eρπ√
k′Ry
An (19)
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where A2n =
∫ 1
0 rJ
2
ν (xnr)dr with r = e
ρ(y−π).
3.2 Massless modes of Graviton
So far we have checked the higher KK modes of the tensor fluctuation. Now we find the
status of the massless mode of the tensor fluctuation. As the massless mode accounts for the
observed gravity in our universe, it is important to find the lowest lying massless mode of
the KK tower which corresponds to n = 0, p = 0. To find the the solution for the massless
mode we solve equations (12) and (11) with mp = 0 and mnp = 0 respectively. The solutions
for χ0 and ξ0 are
χ0 =
√
3
2
k′rz and ξ0 =
√
ρ (20)
Here we would like to mention that for p = 0 , n can have both zero and non-zero values.
Among these n = 0, p = 0 corresponds to our massless graviton and rest all are different
massive KK modes of graviton. But for p 6= 0, n can have only nonzero values. This can be
understood from the fact that p 6= 0 implies mp 6= 0 which practically act as a bulk mass
for y direction (index n) as is evident from equation (11). If a field has a bulk mass then
there will be no massless KK mode. So for p 6= 0, n ranges from 1 to ∞. Thus no mode
corresponding to n = 0, p 6= 0 exists.
4 Interaction on the TeV brane
The final solution for tensor fluctuations that appear on our visible brane can be obtained
by substituting the solution for χ and ξ in equation (7) at y = pi and z = 0
hαβ(x
µ, y = pi, z = 0) =
∞∑
n=0
∞∑
p=0
1√
Ryrz
hnpαβ(x
µ)ξn(pi)χp(0)
=
√
3k′√
2 cosh(kpi)
h00αβ(x
µ) +
∞∑
n=1
k′
2An
√
3eρπ√
cosh(kpi)
Jν(xn0)h
n0
αβ(x
µ)
+
∞∑
n=1
∞∑
p=1
k′
2AnBp
e(ρ+
3
2
k)π√
cosh(kpi)
Jν(xnp)J5/2(xp)h
np
αβ(x
µ) (21)
So the interaction Lagrangian in the effective 4D theory is
L = 1
M2
T αβSM(x
µ) hαβ(x
µ, y = pi, z = 0) (22)
where T αβSM(x
µ) is the energy momentum tensor of the standard model matter field on the
visible brane. In terms of the solution expressed above, equation(22) takes the form
L = k
′
M2
√
3√
2 cosh(kpi)
h00αβ(x
µ) T αβSM +
k′
M2
∞∑
n=1
1
2An
√
3eρπ√
cosh(kpi)
Jν(xn0) h
n0
αβ(x
µ) T αβSM
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+
k
′
M2
∞∑
n=1
∞∑
p=1
1
2AnBp
e(ρ+
3
2
k′)π
√
coshkpi
Jν(xnp)J5/2(xp) h
np
αβ(x
µ) T αβSM (23)
We see that the zero mode i.e the massless graviton mode couples with matter with the
strength 1/M which is of order similar to that of 1/Mp. This is like the 5d case and is
consistent with our observation. However the massive states are suppressed with different
coupling strengths. Using the fact that
√
cosh(kpi) ∼ 1 for small k and eρπ = 1016
cosh(kπ)
(as
demanded by the hierarchy problem) we have calculated the coupling strength for some low
lying massive states as shown in the table below :
L k= 0.1 k=0.05 k=0.3
p=0 p=1 p=2 p=0 p=1 p=2 p=0 p=1 p=2
n=1 2.27 2.98 2.96 2.4 2.48 2.47 1.35 4.58 4.57
n=2 2.27 2.97 2.97 2.4 2.49 2.48 1.35 4.59 4.59
Table 2: The coupling strength of the interaction Lagrangian (in k
′
/M TeV−1) for different
values of n and p.
As is clear from Table 2, the coupling strength of the interaction Lagrangian for massive
states are of the order of weak scale. A point to be noted here is that the massive modes with
n = 0 and p 6= 0 are suppressed by Planck scale as in the z direction we have little warping
while the large warping exist in the y direction corresponding to the index n. However the
states with both n 6= 0 and p 6= 0 have large coupling and the proliferation in number of
such KK modes over the usual 5D RS model makes the signature of multiply warped models
distinct and significant in respect to collider experiments.
In the 5D RS model, the coupling of the massive graviton modes to matter fields is driven
by
√
c
Λpi
, where c = k/MP l and Λπ = MP le
−krcπ. Here MP l denotes the 4D Plank mass, M,
the 5D Planck mass, and k is related to the bulk cosmological constant[1]. According to
some recent estimates, the first excited graviton state with mass upto about 3.8 TeV can
be explored (mostly through e+e− and µ+µ− invariant mass peaks) at the Large Hadron
Collider (LHC) with a centre-of-mass energy of 14 TeV and an integrated luminosity of 100
fb−1, with c = 0.1 and Λπ = 10 TeV[20] . c ≤ 0.1 is motivated in the 5D model by the
urge to achieve magnitudes of the brane tension similar to that In string-inspired scenarios,
and also with gauge coupling unification in view[9]. The constraint, however, is based on
somewhat simplifying assumptions, non-consideration of non-perturbative effects etc. Thus
the choice of c upto unity is difficult to rule out in a completely full-proof manner.
In the 6D scenario investigated by us, the interaction of massive graviton states to matter
is controlled by αk
′
/M TeV−1, where α is above 2 for the lowest-lying states (see Table 2),
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and M is the 6D Planck mass. No constraint can be a priori imposed to disallow k′/M ≃ 1
in this scenario, as the brane tension here is not a constant but a function of z . Moreover the
6D Planck mass M can be tuned using the values of both the moduli along the two warped
directions following the relation given in [17]. If that be the case, then the matter-graviton
couplings for several lowest-lying states exceed that for the 5D case (for c = 0.1, Λπ = 10
TeV) by an approximate factor of 7 even for k′/M ≃ 0.1. Thus the graviton search limit goes
up compared to that of the 5D case mentioned above. The situation is even more optimistic
for a higher value of k′/M .
The above discussion brings out a rather interesting feature of the 6D RS scenario in
the context of LHC searches. The close proximity of the various graviton excited modes,
as seen from Table 1, makes it very likely to for them to be seen as a series of closely
lying resonances, thanks to the enhanced coupling pointed out in the previous paragraph.
This is in clear contrast to the 5D RS case, where only the first excited graviton state can
be realistically expected to be seen, the others being somewhat higher up in mass. One
can easily see that this idea can be extended to incorporate even larger number of warped
extra dimensions [17] where due to the presence of additional KK numbers more and more
graviton KK modes appear within a specified energy range. The corresponding matter-
graviton couplings would also increase accordingly. Thus the possibility of observing a set
of closely spaced massive graviton resonances at the LHC emerges as a rather remarkable
prediction of the scenario explored by us.
5 Conclusion
This work investigates, in a multiply warped 6D spacetime, how gravity behaves on the
visible brane. We have considered a doubly warped compactified six-dimensional spacetime
with a Z2 orbifolding in each of the extra dimensions. In such a manifold there are four
3-branes at the four orbifold fixed points. Among which standard model exist on the brane
at y = pi, z = 0. The speciality of this model is the warping is large in one direction (namely,
y) and small in the other direction z where k < 1. The other crucial feature which makes it
distinct from RS is the brane tension, which are coordinate dependent in this model.
In this six dimensional spacetime gravity resides in the bulk. We calculate various Kaluza
Klein modes as we compactify the tensor fluctuations. The bulk fluctuations appear to a four
dimensional observer as an infinite tower of tensor modes as usual, but with masses which
has two indices mnp. This happens as the usual five dimensional massive tower further splits
into sub tower due to the additional warped dimension. The mass spectrum of the graviton
KK excitations are determined from the Bessel function of order ν, where ν = f(mp), in
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contrast to the first order Bessel function in 5D. Therefore for each mass splitting due to
z-compactifiction we obtain a spectrum of KK modes. This enhances the number of KK
modes in the TeV range many times over the usual 5D case (refer to Table 1).
To investigate the role of graviton through collider-based experiments, we consider the
interaction of various modes with other standard model fields. The massless mode separates
from the tower and couples with the usual 4-dimensional strength 1/MP l, like the 5 dimen-
sional case. However, all the massive states in 6D are coupled by αk
′
/M TeV−1 (α¿2 for the
lowest-lying states) in contrast to the coupling strength of
√
cTeV−1 (c ≤ 1) in 5D case. So,
even for k′/M ≃ 0.1, the matter-graviton couplings for several lowest-lying states in 6D is
almost 7 times the 5D case. This ratio gets even more optimistic for higher values of k
′
/M .
Thus the graviton search limit goes up, thereby enhancing the possibility of observing a set
of closely spaced massive graviton resonances at the LHC.
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